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In a linear approximation the problem of the influence of background vertical motions on free convection
over a thermally inhomogeneous horizontal surface has been solved analytically. The dimensionless number
that determines this influence and that represents the ratio of the product of the characteristic velocity of
background vertical motions and of the horizontal scale of thermal inhomogeneities to the coefficient of ther-
mal diffusivity of the medium has been found. Descending motions may effectively suppress convection (not
only decrease the height of penetration of convective motions into the medium but also to decrease their am-
plitude substantially). Ascending motions increase the height of penetration of convective motions into the me-
dium and, to a lesser extent, the vertical component of convective velocity.

Introduction. From experience and theory it is known that even very slow background vertical motions may
noticeably influence convection, in particular, convective stability. This is important for a number of technical and geo-
physical applications [1–5]. Since the interaction of the processes of different spatial scales are considered, the corre-
sponding theoretical problems are usually very complex. We considered the case where the linearized problem admits
an explicit analytical solution. The influence of background vertical motions on free convection in a homogeneous in-
compressible (Boussinesq") medium over a thermally inhomogeneous horizontal surface is investigated.

Statement of the Problem. A semiinfinite layer of a medium z ≥ 0 is considered (the z axis is directed ver-
tically upward). According to the usually used approximation we assume that the density of the medium depends line-
arly on the perturbations of temperature T:

ρ = ρ∗ (1 − αT) .

The system of equations of the hydrothermodynamics in the Boussinesq approximation has the form

dv
dt

 = − ∇Φ + ν∇2v + gαTez ,   div v = 0 ,   
dT
dt

 = κ∇2
T ,

where v is the velocity vector with the components u, v, w along the x, y,  and z axes, respectively; d ⁄ dt =
∂ ⁄ ∂t + v⋅∇ is the operator of the full derivative.

We shall limit ourselves for simplicity to a two-dimensional problem with dependence only on the x and z
coordinates. Stationary perturbations associated with the given temperature inhomogeneity of the horizontal surface, z
= 0, are investigated:

T = T0 cos (kx) . (1)

Convection against the Background of a Medium at Rest. First we consider convection (thermal circula-
tions over a thermally inhomogeneous surface) against the background of a medium at rest. The system of the equa-
tions linearized over two-dimensional stationary perturbations has the form

Journal of Engineering Physics and Thermophysics, Vol. 81, No. 1, 2008

"Taifun" Scientific-Industrial Association, 82 Lenin Ave., Obninsk, 249038, Russia; email: lingel@obninsk.
com. Translated from Inzhenerno-Fizicheskii Zhurnal, Vol. 81, No. 1, pp. 97–101, January–February, 2008. Original ar-
ticle submitted May 10, 2006.

1062-0125/08/8101-01002008 Springer Science+Business Media, Inc.100



0 = − 
∂Φ

∂x
 + ν 





∂2
u

∂x
2
 + 
∂2

u

∂z
2




 ,   
∂u

∂x
 + 
∂w

∂z
 = 0 , (2)

0 = − 
∂Φ
∂z

 + ν 




∂2
w

∂x
2  + 

∂2
w

∂z
2




 + gαT ,   0 = κ 





∂2
T

∂x
2  + 

∂2
T

∂z
2




 . (3)

On the z = 0 surface, apart from Eq. (1)  the non-flow and no-slip conditions u = w = 0 at z = 0 are prescribed. It
is assumed that far from the surface (for z → ∞) all the perturbations decay.

For the perturbations we seek stationary solutions that harmonically depend on the horizontal coordinate x:

u (x, z) = U (z) sin (kx) ,   w (x, z) = W (z) cos (kx) ,   T (x, z) = θ (z) cos (kx)

and so on. The solution of the last equation of (3) with account for the boundary-value conditions is

T = T0 exp (− kz) cos (kx) . (4)

At the well-known temperature field, Eqs. (2) and (3) are transformed into a closed inhomogeneous system of
ordinary differential equations with constant coefficients. Having solved it, we find the perturbations [6]:

u = − 
αgT0

8νk
 z (2 − kz) exp (− kz) sin (kx) , (5)

w = 
αgT0

8ν
 z

2
 exp (− kz) cos (kx) , (6)

p′ = − 
ρ∗αgT0

4k
 (3 − 2kz) exp (− kz) cos (kx) . (7)

Perturbations penetrate into a medium up to heights of the order of the horizontal scale of perturbations L =
2π ⁄ k. It is seen that over the inhomogeneously heated surface circulation cells ("rolls") appear with ascending motions
over more heated regions, with an aspect ratio of the order of unity. (We show that in the case of stable stratification
of the density the vertical scales of the cells decrease.) The amplitudes of the perturbations of the velocity components
u and w are of the order of αgT0

 ⁄ 8νk2.
Solution in the Presence of Background Vertical Motions. We will consider an analogous problem in the

presence of the background vertical motion with velocity W0 = const. The assumption on the constancy of the vertical
velocity means giving up the nonflow condition on the horizontal boundary z = 0 for the background motion. Such
situations can be realized by pumping a liquid in the vertical direction through porous horizontal boundaries. Such a
model was used, in particular, in [1–4]; it is also of interest as a certain approximation to the situations with a vari-
able background vertical velocity. The linearized system of equations in this case has the form
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We will consider the same boundary-value conditions as above and also seek solutions that harmonically depend on
the horizontal coordinate x. The solution of the last equation from (9) has the form

T = [C1 exp (σ1z) + C2 exp (σ2z)] cos (kx) , (10)

the roots of the characteristic equation are

σ1,2 = 
1

h
 % √1

h
2
 + k

2
 ,

(11)

where h = 2κ ⁄ W0 is the length scale (positive or negative, depending on the sign of the background vertical motion
W0). Irrespective of the sign of h, the value of σ1 (the root corresponding to the positive sign in front of the radical
in (11)) is nonnegative. Therefore, in order to satisfy the condition of the decay of perturbations at high values of z,
we should assume that C1 = 0, so that the solution for the temperature has the form

T = T0 exp (− skz) cos (kx) , (12)

where

s = − 
σ2
k

 = ω + √1 + ω2  ;   ω = − (kh)−1
 = − 

W0

2κk
 . (13)

It is useful to keep in mind also the following relation between the dimensionless parameters ω and s: ω = (s2 − 1) ⁄ 2s.
Below, we will limit ourselves for simplicity to the case ν = κ. Similarly to Eqs. (5)–(7) we find the solution

u = V 


1
s − 1

 (exp (− kz) − exp (− skz)) − skz exp (− skz)

 sin (kx) , (14)

w = V 
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2)
 .

Discussion of Results. As compared to Eqs. (4)–(7), the solution, apart from exp (−kz), also contains the ex-
ponent exp (−skz). The influence of background vertical motions is determined by the value of dimensionless parame-
ter ω (when ω → 0, s → 1). We note the dependence of ω on the wave number k — the effect of background vertical
motions is enhanced with increase in the scales of convection (thermal circulations). The influence of vertical motions
is noticeable even at relatively small values of ω. This is seen, e.g., from Fig. 1, which (except for curve 2) relates
to the cases of descending background motions (ω > 0). Weak background subsidence noticeably weakens convection
(as is seen from comparison of curves 3 and 1), whereas weak ascending motions enhance it appreciably (curve 2). In
these cases, the maximum absolute values of w change substantially, but the height of this maximum changes little.
Stronger background motions (ω ≥ 1) influence the latter.

We will consider in detail the case of a rather strong background subsidence (ω >> 1). For this asymptotics
there correspond s C 2ω >> 1 and V D ω−3. Therefore, the amplitudes of expressions (14)–(16) decrease rapidly with an
increase in ω — the convection is suppressed by the background subsidence. This is seen also from Fig. 1 (the am-
plitudes of the velocity components of convection u and w at ω = 5 in this figure are amplified 200 and 1000 times,
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respectively). Expressions (14)–(16), apart from exp (−kz), also contain the rapidly decreasing exponent exp (−skz), but
the relative weight of these exponents in the fields of the perturbations of pressure, temperature, and velocity compo-
nents is different. According to Eq. (12), in the temperature field there is only exp (−skz). In the pressure field there
is also the relatively slowly decreasing exponent exp (−kz) but with a substantially smaller weight. Therefore, in Fig.
1 the region of reduced pressure over the heated portion of the surface looks "compressed" to the surface z = 0 by
background subsidence (curve 7). In the field of the horizontal velocity u the weight of these exponents also differs
strongly but less than in the field of p′. Finally, in the field of w the coefficients at the exponents mentioned are of
comparable magnitude — the vertical motions go far beyond the thin layer (of thickness of the order of (sk)−1) in
which the perturbations of other quantities are enclosed (curve 5). The maximum of the profile of w is located in this
case at a height of the order of (sk)−1, i.e., as the background descending motions increase, this maximum decreases,
although not to a such extent as does the convection amplitude.

Now, we shall consider the case of background ascending motions (ω < 0, Fig. 2). At higher (in absolute
magnitude) values of ω we obtain the asymptotics s C 1 ⁄ 2ω << 1, V D −1 ⁄ ω. In expressions (14)–(16), apart
from exp (−kz), there is a slowly decreasing exponent exp (−skz), so that convection against the background of such
ascending motions penetrates into the medium higher (up to the levels of the order of (sk)−1). The relationship between
the absolute values of the coefficients at the mentioned exponents in the fields of the perturbations of pressure, tem-
perature, and velocity components are different in this case too. In the expression for the temperature only a slowly
decreasing exponent exp (−skz) is present. It prevails also in the expression for w. At z >> k−1 in the square brackets
in Eq. (15) the latter term is the main one, so that

w C − Vkz exp (− skz) cos (kx) C 
αgT0

νk
2  skz exp (− skz) .

As ω increases (s decreases), the position of the maximum of the latter function increases as (sk)−1, but the maximum
value of the function does not change in this case. In the square brackets in expression (14) for u the maximum val-
ues of all the terms are of the order of unity, whereas the factor V before the brackets decreases in absolute magnitude
with ω proportionally to −1 ⁄ ω. Thus, in contrast to other fields, the horizontal velocity of convective motions
decreases not only in the case of the background subsidence of the medium, but also with the strengthening of the
background ascending motions. As for the perturbations of pressure, in expression (16) at small values of s the expo-
nent exp (−kz) enters with a high weight. Therefore, in contrast to other fields the perturbation of pressure is mainly
concentrated in a relatively thin layer with vertical dimensions of the order of k−1. The amplitude of this perturbation

Fig. 1. Dimensionless vertical profiles of perturbations at x = 0 (over the
heated portion of the horizontal surface) for different values of the parameter
ω (intensity of background vertical motions): 1–5) the profiles of w(z) normal-
ized to V: ω = 0 (1), −0.1 (2), 0.1 (3), 1 (4, the values of w are amplified
five times), 5 (5, the values of w are amplified 1000 times); 6 and 7, the pro-
files of −u(z) (normalized to V ⁄ 200) and p′ (normalized to 4ρ∗kVν ⁄ 3), respec-
tively at ω = 5.
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tends to a constant with an increase in ω. It is seen that in the limit considered the system is far from the hydro-
static equilibrium — the perturbation of the temperature (density) and of pressure are distributed in layers of substan-
tially different thicknesses.

Let, for example, W0 = 10−2 m ⁄ sec (the background vertical velocity typical of large-scale atmospheric
vortices — cyclones and anticyclones), κ = ν = 1 m2 ⁄ sec (the characteristic value of the effective coefficient of tur-
bulent exchange in the atmosphere), and k = 3⋅10−3 m−1 (the value corresponding to the characteristic horizontal scale
of some types of convective clouds). In this case, ω C 1.5. From this it is seen that very weak background vertical
motions may also noticeably influence the convection of the horizontal scale considered. When these are descending
motions (anticyclone), they efficiently suppress convection of large scales; when these are ascending motions, they ef-
ficiently support and enhance a large-scale convection.

Conclusions. The model considered allows one in a linear approximation to obtain a simple analytical solu-
tion for convection (thermal circulations) over an inhomogeneously heated horizontal surface and describe the influence
exerted on this convection by the background vertical motions. The dimensionless number ω that determines this in-
fluence has been found. An analysis shows that the influence of the ascending and descending background motions on
the convection considered is unsymmetrical. The descending motions may efficiently suppress convection (not only de-
crease the height of penetration of convective motions into the medium but also reduce greatly their amplitude). As-
cending motions increase the height of penetration of perturbations into the medium, but to a lesser extent they
influence the increase of the vertical component of the convective velocity. Therefore, the derivative ∂w ⁄ ∂z decreases
in absolute magnitude and (because of the continuity) the horizontal velocity component of convective motions de-
creases. Thus, the latter velocity decreases under the influence of background vertical motions of any sign.

This work was carried out with support from the Russian Foundation for Research (project 04-05-64027) and
from the International Scientific-Engineering Center (project G-1217).

NOTATION

C1,2, integration constants, K; ez, vertical curl; g, free fall acceleration, m ⁄ sec2; h, length scale, m; k, wave
number, m−1; L, horizontal scale of perturbations, m; p′, deviation of pressure from the hydrostatic one, Pa; s, dimen-
sionless parameter; t, time, sec; T, perturbation of temperature, K; T0, amplitude of temperature perturbations, K; u, ve-
locity component in the direction of the x axis, m ⁄ sec; U, amplitude of horizontal velocity, m ⁄ sec; v, velocity vector,
m ⁄ sec; V, velocity scale, m ⁄ sec; w, velocity component in the direction of the z axis, m ⁄ sec; W, amplitude function
of vertical velocity, m ⁄ sec; W0, background vertical velocity, m ⁄ sec; x, y, z, horizontal and vertical coordinates, m;
α, thermal coefficient of medium expansion, m−1; Φ = p′ ⁄ ρ∗, normalized deviation of pressure from the hydrostatic
one, m2 ⁄ sec2; κ, ν, coefficients of transfer, m2 ⁄ sec; θ, amplitude of temperature perturbation, K; ρ, density of the me-

Fig. 2. Dimensionless vertical profiles of perturbations at x = 0 in the case of
ascending background motions: 1–4) the profiles of w(z) normalized to V: ω =
0 (1), –0.1 (2), −1 (3), −5 (4); 5 and 6, the profiles of −u(z) (normalized to
V ⁄ 5) and of p′(z) (normalized to 3ρ∗kVν ⁄ 10) at ω = –5.
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dium, kg ⁄ m3; ρ∗, average (reference) density of the medium, kg ⁄ m3; σ1,2, roots of the characteristic equation, m−1;
ω = −(kh)−1, dimensionless parameter.
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